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(Conplcr Anrlyrtu_U)
pspcr_Ill (203)

Tune-Tfure Hours] [Maxtlum Marke_go

Notc :- Solvc ONE question fro.m each Urit.

UNIT_I
(a) For Re z > l, prcve that :I

E@E = !G' -r)-rt'-!dt
0

8

(b) Wdtr the stateme of Mittag trlfler's theoEm aDd
apply it to prove,

ICOtz=-+
z I ll

-+_
z-\t in 8

1 (c) Wdte the Gauss's formula for Gamma z and dcrive
thc fiuctional equation WhEt arE tlle singular points

of [2, 'u-ite their naturc and find t]re residrre of lZ
at those pohts. g
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(d) Prove that

t+Z
n converg€s to e' in H(C)

I O. (c) Let f be anal)4ic function or the region containing

the closue ofa disk D = {z: lzl< 1) and satisSing

(O) = 0, f(0) = l. Then prove that there is 'r disk

S c D on which f is one.one and such that (s)

I
contains a disk of radius 7 l0

(d) l.et f be analyric tunction on a dbk B(4, r) such thar

lf(z) - f(8)l < lfl(a) | for all z in B(4 r); z * 4 tbcn

prove that fis one.one. 6

o

(ii) Ift>0thcn <.r for all n > t. I

I'NIT_tr

(a) Statc and provc the uniquencss of dirccr analyric

conriouation AIrc &finc aD8lytic cordiluation along

a curyc. 8

I
D

l-z l-z

3

z' z' z'
(b) Show*nthepouasig z -- +- -- +'

can be analytically contbued to I wider rcgion by

means of thc series,

,.rr-('r') -:( \'? I r
./ -tl

!
8

z2

4- (c) (r) Defire Cqm of I fiuction at I point.

(D Show tha iffis oralytic in I dorrah D 8nd let

{z) vanislres ova a domainDo which is a part

of D. Then (z) vanishes Bt each point of the

wholc donain D. 8

3

I

I
I
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(d) (i) Show that f(z) = It + 0e-' dt converges if
0

i

Rez>0also,

z+l

5. (a)

(b)

6. (c)

(d)

G) Show that g(z) =
z7

is thc analytic

coutinuarion ofthe above (z) into the Ieft hrll
planc R.c z < 0. 8

IJNIT_TII

L€r (l D) be a firnction elemeot which admits

rlut*ic'tcd aulytic cuinu*im in a sinply ccuw+d
rEgioD G ThGa prove lhd tbere is aa analytic fimaion

F : G -+ lD such that F(z) - (z) for all z in D.
8

State and Fove fte rhcorErl to show that Didchlefs
problem can be solved for the unit disk. 8

Statc and.proye'SchwarE's reflecrion principle'
t

@ Define Poisson's kernel and Greeo's function.

(ii) Prove rhat if a e O, p > 0 8Dd supposc h

is e contiuuous rcsl valued furction oD

(z : E- d: p) thea thc is armiqr cortinww

function w:E(a"p)-+Rsuch that w i3

hamonic on B(q p) and w(z) = h(z) for

lz-a1=r' t
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T-INTT_IV

7. (a) State and prove Jens€n's formula. g

(b) Usiry Hadamrrd's theorcm prove the following :

@ lrt fbe an entirc firnction offinirc order, thcn
f ass-oxs dl cqnde( n rnber with orrc possitrle
exc€ption

(ii) L€t fbe an entirc furction of firire order l,
n{rcrc }, is not so i[]eger, then fhrs infinitoly
nrany z€tos. t

8. (c) l,et f bc ar EotirE firaclion of ordcr t and tet
MG) = raax.{lf(z)l:lzl =t} rhcn prove rhat

Iloc loeMtrtl  = lrm supl _:-_=__.-:--. I Ako frnd thc orderL togr .j.

ofthc enrirc frnEtio[ f(z) = sJ, L. rl , a . E

(d) D€fine Gcous ofan entire flurction and p,rove that if
f is an enrire funcrion of finite genus p rhen f is of
fiEitc order l, < p + l. g

T,INIT_V

9. (a) l,ct fbe anatyrrc h D = (z: lzl< I ). Suppose rhat
(0) = 0, f(0) = I ard l(z)ts M for a z in D rhen

prove that M > I ard (D)rB 0,

(b) Statc ard Eove 'Liflle picard,s theorcm,. g

I

6M
8
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