
AQ-799
First Semester M. Sc. (Part-I)(C. B. C. S. Pafiem)

Examination

( Otd Cours€ )

MAIIIEMATICS ( TO2 )
Advanced Abslract Algebra - I

P. PrBeB : 7

trme: Three ttrounl [M!r. Martr: tO

Notc : Solve'one' qucstion ftorn e{ch unit-

T]NIT- I

(a) Define :-
(i) Normal series.

(ii) Composition series.

Provc that a group G is solvable if a$d otrly
if G has normal series with abelian factors.

Furth€r a frnite group is solvable if and only
if ir's composition factors arc cyclic groups

of prime orders. l+l+6=8
(b) Lrt G be a furite group of order Po , where

P is prime and n > 0 , then pove that

(i) C has a non - rivial centre Z.

I
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(ii) Z n N is nontrivial for any non - trivial

normal subgroup N of G

(iii) Prove that :

If H is a proper subgroup of G theh H

is. proporly 'coirtained ,in. N (H) ; hence

if H iq a subgroup of order Po - I , then

HAG 8

(c) Prove that, every nilpotent gr-oup is solvable,
'' 

and if G is nilpotent group, then piove that

every subgroup of G and every homomorphic

image of G alq nilpotent. 8

(d) Definc. orbit of x in G
IJt G be a qr tiD turting on 'set X. then the

set of .rli orbits in X uflde! G is partition of
X. For any x€X there is a bijection

c, -+ G /'G* arid henee lG^i=tG: G*l
tlrerefore, if X is a finito sel,

, lxl. ,f [Q:Gx ] ..

r€C

whererc is: s'sublet.of X eoflai ing exacdy

one element from each ottit, Prove this.

. l+7=8

(ii) Let R be a noeth$ian ring, dlefl the sum

of nilpotent ideals in R is a flllpotent

ideal. hove this. 3

10. (c) State and prove Hilbert - Basis theorem'

I +? = t
(d) Define :-

(i) Noetherian R - module M.

(ii) Left artinian ring.

Also Prove that, if J is a nil left ideal in an

artinian ring R, then J is nilpotent'
1+1+6=8

-!-
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(2) Prove tlrat, every Euclidean domain is a

PID. 3

(b) Prove that evqry, PID is a Unique, Factorization

Domain (UFD) but a UI'D is not neccssarily
l a PID. ' 8

8. (c) Derrne primitive polynomial, also state asd

prove Gsuss Lelnms. . l+l+6=8
(d) ld R be a unique fadqlzation domain (uFD),

[ren.prove that he polynomial ring R [x]
over R is alsir a UFD. 8

UNIT - V

I,JNIT - U

(a) Prove that :-
(i) If a group of order Pn contains exactly

one subgroup each of orders P , P .....

P"-1 ttren it is cyclic.

(ii) 'I-herp are nq simPle subgroups of orders

63 and 56. Prove this. 4 + 4 = 8

O) tet G be a group bf order pq, where p and

. .q dre prime numbers such that P > q and

qX (p - l). TlEn..O:iF cyclic. Prove this
,8

4, (c)' Define inva ents of A.
, Let A b€ 4 fu te abeliaa group of order

Pi, ..... d, e,'ois,u"i primes, q > 0 then

prove that,

A=S(pr)o

ls(prll=r
A is unique, that is if, c.

A = B O ..... @ HK, wtiere I tti 1 = P.'
' thbn Hi = S'(Pr).

8

(d) State and prove first sylow thmrem.
1+7=8
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'? (d,

(b)

Define:-
(i) Finitely ganerated R - module M.

(ii) Free Modul€i

Let M be a finitely gclqrared free module

oyer a commutative ring R, then prove that

all 6EsR of tI have ihe Bame number of
elements.... l+1+6=8
(i) I.et M be a simPte R - module, then

i . p,lpv9 tlBt $gmi .(M. M) is a division
'5ry.r#; _,.. , .

... (ES (P*). wherc,

and this decomposition of
tl
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T'MT - III

(a) Define :-
(i) Maximal ideal.

(ii) Simple ring.

Also, plove that in a non - zero conunutative

ring with unity, an ideal M is maximal if and

only if R/M is a field. l+l+6=8
O) l,et f :R --+ S tr a homomorphism of a ring

R on to a ring S, and let N = K erf. then

the mapping F : A -r f (A) defines a I - I
corespondence from the set of att ideals

(rigbt idcals, left ideals) in R that contain N
onto the set of all ideals (right ideals, Ieft

i&als) in S. It prcs€rves ordcring in the

sensc that A F B itr f (A ) F f (B). Prove

this. 8

6. (c) (i) Lrt f be a homomorphism of ring R
into a ring S with Kemel N, then prove

dut R/N a Imf. 4

(iD [.€t R be a commuhtive ring with unity
in which each ideal is prime, then prove

that R is a field. 4

(d) Dcfme :-
(i) Sum of idcal,

(iD Dir€ct sum of idcal.

Let ,{1 , 42 .....Ao b right (or left) ideals

in ring R, then provc that thc following arc

equivalent.

n
(D A= f 4, ir I diFct sun.

I I

n
(ii) ,rf0 = I

i=l
n

or,t€Ar,thenq=g
i-1,2.....u.

(iii) Af n E {=o,i-r.2
j-l'jti

1+1+6=8

T]I\IIT.IV

7. (a) (l) Definc :-
(i) lnrducible cl€Ecnt

(ii) Primc clsmsnt.

Provc dut ao irrrduclble clemeru in a

commuirtlvc principlc ideal domain
(PID) is slways pdm!. l+l+3=5
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